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It is shown that if A is the C*-algebra inductive limit of a sequence of 
finite-dimensional C*-algebras, then for each closed two-sided ideal 1 of A 
derivations can be lifted to A from A/], and for each projection e in A deriva- 
tions can be extended to A from eAe. An application of the second result is 
given. 
1. INTR~DUOTI~N 
It is known that a derivation of a quotient of a C*-algebra cannot 
always be lifted to a derivation of the algebra itself. An example 
of this phenomenon was discovered by Kadison and Ringrose, but 
not published. A somewhat different example was given in 6.2 of [l]. 
In the case that the C*-algebra is separable no examples are known; 
i.e., it is not clear whether a derivation can always be lifted or not. 
In this paper this question is resolved for separable approximately 
finite-dimensional C*-algebras, i.e., for inductive limits of sequences 
of finite-dimensional C*-algebras. It is shown that in this class of 
C*-algebras derivations of quotients can be lifted. 
Independently of this result, two results are obtained concerning the 
possibility of extending derivations of certain sub-C*-algebras of a 
separable approximately finite-dimensional C*-algebra. The results 
may hold in more general C*-algebras. It is shown that a derivation 
of a closed two-sided ideal can be extended modulo a derivation 
determined by a multiplier. (Simple examples show that a derivation 
of an ideal may not itself have an extension.) Using this it is shown 
that a derivation of a hereditary sub-C*-algebra with unit (i.e., the 
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reduced algebra defined by a projection) can be extended. This 
last result is applied to generalize to C*-algebras without unit the 
characterization given in [7] of separable approximately finite- 
dimensional C*-algebras every derivation of which is inner. The 
property which is substituted for “inner,” namely “determined by a 
multiplier,” is the subject of the paper [l]. 
2. LIFTING DERIVATIONS FROM QUOTIENTS 
LEMMA 2.1. Let A be a C*-algebra and let B be a quotient of A 
by a closed two-sided ideal. Let L be a linear space of derivations of B 
such that each element of L can be lifted to a derivation of A with the 
same norm. Then each derivation of B in the norm closure of L can be 
lifted to a derivation of A. 
Proof. Suppose that D is in the norm closure of L. Then there 
exists a sequence (DJ in L such that Z // Dn+l - D, 11 < CO and 
t=P?L+, - D,) = D. By hypothesis each Dn+l - D, can be lifted 
to a derivation of A with the same norm. The sum of these derivations 
is a lifting of D. 
Remark 2.2. The previous lemma (with the same proof) holds 
also when B is a sub-C*-algebra of A and the verb “lift” is replaced 
by “extend.” We shall not have occasion in this paper to make use 
of this, however. 
The proof of 2.1 does not show that a derivation in the norm 
closure of L can be lifted to have the same norm. It does show, 
though, that the lifted derivation can be chosen to have norm 
arbitrarily close to the norm of the given derivation. 
LEMMA 2.3. Let A be a C*-algebra which is the closure of the 
union of an increasing sequence A, C A, C,... of finite-dimensional 
sub-C*-algebras, and let D be a derivation of A. Then for every E > 0 
there exists a derivation D, of A such that /I D - D, /I ,< E and 
D,UA,CU&. 
Proof. For each k = 1, 2,... choose a projection of norm one Pk 
from A onto A, (cf. 2 of [6]). Then Pr, has the properties of 2 of [6], 
in which B is replaced by A,. Hence as in the proof of 5 of [6] 
there exists a sequence (Or , D, ,...) of derivations of A and a 
subsequence (Ak, , Ake ,...) of (A,, A, ,...) such that for each 
n = 1, 2,..., with D, denoting D: 
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(9 D, I Akn = pk,+lDn-l I Akn ; 
(ii) (1 D, - D,, (( < ~2+. 
As in [6] the property (ii) implies that the sequence (Dn) is Cauchy 
with limit a derivation D, of A satisfying 11 D - D, jl < E. Also 
as in [6] (the last paragraph of the proof of 5 of [6] with J, replaced 
by k, is applicable), the property (i) implies that D, (J A, C (J A, . 
LEMMA 2.4. Let A be a C*-algebra and let D be a derivation 
of A. Let A, and A, be finite-dimensional sub-C*-algebras of A such 
that A, C A, and DA, C A,. Then there exists y E A, such that 
llyll ~~-lll~II~~~~l~,=~~y/~~. 
Proof. Choose a projection of norm one P from A onto A, (cf. 2 
of [6]). Denote the map PD I A, by D, . Then, because P is idempotent 
with range A,, D, I A, = D 1 A, . Since A, is finite-dimensional 
there exists (e.g., by 1 of Cd) Y E 4 such that D, = ad y j A, . 
Moreover, by Theorem 4 of [15], y may be chosen such that /I y /I < 
2-l I( D, (I. Since j/ D, II < )I PD I/ < II P II I( D II = /I D I(, y satisfies all 
the required conditions. 
Remark. The estimate 11 y II < II D II would be quite adequate for 
our purposes, and follows immediately from 12 of [6]. 
THEOREM 2.5. Let A be a F-algebra which is the inductive 
limit of a sequence of finite-dimensional F-algebras, and let J be a 
closed two-sided ideal of A. Then every derivation of the quotient Al J 
can be lifted to a derivation of A. 
Proof. Let D be a derivation of A/J. There exists an increasing 
sequence A, C A, C,... of finite-dimensional sub-C*-algebras of A 
with union dense in A. Denote by B, , B, ,... the images of A, , A, ,... 
in A/J. By 2.1 and 2.3 we may suppose that D u B, c (J B,< , 
provided that we show in addition that D can be lifted to have the 
same norm. (Then as pointed out in 2.2 it will follow that when 
D is arbitrary it can be lifted with an arbitrarily small increase in 
norm. Can it in fact be lifted to have the same norm ?) 
Passing to a subsequence we may suppose further that DB, c B, , 
DB, C B, ,... . By 2.4 there exists for each k = 1,2,... ykfl E Bk+l 
such that II yk+r II < 2-l 11 D (I and D / B, = ady,,, I B, . Choose 
.GE&, k = 1, 2,..., such that for k 3 2 .zk is in the preimage 
of yk and II xk II = II yk II < 2-l II D II. 
For k = 1, 2,... denote by ek the unit of J n A,, by fkfl the 
difference ek+r - ek , and by gk the complement of ek in A, , 
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Set 
Then for p = 1,2,..., 
adxk+l+, I-% = adxk+lI Ak - 
Moreover, 11 X, I/ ,< 2-l 11 D 11, whence 11 ad xk 11 < 1) D 11. Hence the 
sequence (ad LQ.) converges simply (with respect to the norm) to a 
derivation D, of A with 11 D, 11 < I( D 11. Since each xk - “Yk is in J, 
D, lifts D. It of course follows that 11 D, 11 = 1) D 11. 
Remark 2.6. It follows from 2.5 that the property that every 
derivation is determined by a multiplier is, in the class of C*-algebras 
considered, inherited by quotients. This follows also from the analysis 
of this property given in 5 below. 
Remark 2.7. It is known that every multiplier of a quotient 
of a separable C*-algebra can be lifted (see 4.2 of [2]). A more direct 
proof for separable approximately finite-dimensional C*-algebras can 
be constructed along the lines of the present proof for derivations. 
It would be of interest to decide if multipliers and derivations 
can be lifted from quotients of an arbitrary (i.e., not necessarily 
separable) approximately finite-dimensional C*-algebra. (A 
C*-algebra A is said to be approximately finite-dimensional if whenever 
x1 ,..., X, are elements of A and 4 > 0 there exists a finite-dimensional 
sub-C*-algebra B of A and elements y1 ,...,yn of B such that 
II Xl - Yl II < E,.*., II % - Yn II < c.1 
3. DERIVATIONS OF IDEALS 
LEMMA 3.1. Let A be a C*-algebra with an increasing approximate 
unit (en)n=l 2 . , . . . consisting of projections. Let D be a derivation of A. 
Then there exists a multiplier y of A such that D - ad y is zero on 
a subsequence of (em). 
Proof. Passing to a subsequence of (e,), we may suppose that 
22 II o(fd - en+@(fn> en+l II < ah 
where f, = e, - eael, n = 1,2 ,... (with e, = 0). Then 
x = 4XYfn> - e,+,D(fn) em+, ,fnl 
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is an element of A ([u, b] denotes ab - ba, a, b E A). For each 
k = 1, 2,..., we have 
Indeed, the sum breaks up into three parts: 
Straightforward computations show that &,, E er;+,Aek+l , 
[[e,+,D(f,) ek+r ,fk],f,] E ek+lAe,+, and .&,, = 0. A standard com- 
putation (using the fact e2 = e * eD(e)e = 0; see the proof of 
Prop. 5, p. 257 of [4]) shows that [[D(f,J,fJ,fJ = D(fk). 
Replacing D by D - ad X, we may suppose that D(f,) E e,+lAe,+, , 
n = 1, 2,... . It follows that if g, denotes fn-l + fn + fn+l (where 
f0 = 0) then 
D(fn> E w%n 3 n = 1, 2,.,. . (1) 
Indeed, if n = 3,4,... then 
en-@(fn) = D(e,-,fJ - W+,)f, = 0 - en-JW-J en-lfn = 0, 
and similarly D(f,J enm2 = 0. 
BY (11, P(f~+dJ~+~d ~gz+&zz+u 9 k = 1, L . Since (4 is 
an approximate unit for A and the gz+ak are orthogonal for distinct k 
there exists a unique multiplier y of A such that yg2+4k = 
[@f2+4k),f2+4k], k = 1, L., and rf, = 0 if fng2+,k = 0 for all 
k = 1, 2,... . (In the bidual of A, y = Z[D(fi+rd,f2+4k].) We have 
[Y, f2+4kl = w?,k)~ k = 1, 2,..., 
[Y, fnl E iMk 9 n = 1, 2,... . 
(The first assertion is similar to that in the last sentence of the first 
paragraph of this proof. The second assertion for n = 2 + 4k 
follows from this. For n = 1, 2, 3 and n = 4k, fi,y = yf, = 0 
so the second assertion is trivial. For n = 1 + 4k, 
C% fnl = wG+41c)~ f2+4rl, fi+*kl 
= -fmJ’(fz+uJfi+uc - fi+d(f2+4k)f2+4k E&&n ; 
the proof of the second assertion for n = 3 + 4k is similar.) 
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Hence, replacing D by D - ad y, we may suppose that in addition 
to (1) we have 
D(f2+4k) = 0, k = 1, 2,... . (2) 
From (1) and (2) it follows that D is zero on the sequence 
(e2+4k)k=1,2,... . (Fork = 1, Z..., for each P = 1, &--, el+4kf2+4k+p = 0 
and by (1) e1+4kD(f2+4k+p) = 0, whence D(e1+4k)f2+4k+~ = 0, and 
similarly fz+4k+p D(el+4k ) = 0. Hence D(e,+,,) = %+,,D(e,+,k) e2+4k - 
BY t2) D(e2+4k ) = D(e,+4k), whence %+,k) = e2+4kD(e2+4k> e2+4k = 0 
(cf. the last sentence of the first paragraph).) 
LEMMA 3.2. Let A be a C*-algebra which is the closure of the 
union of an increasing sequence A, Z A, C,... of Jinite-dimensional 
sub-C*-algebras. Denote by ek the unit of A,, k = 1, 2,..., and set 
ek - e&..l = fk (where e, = 0). Let D be a derivation of A. Then 
there exists a multiplier x of A such that, after (Ak) is replaced by a 
subsequence, 
(D - ad z) 1 fkAkfk = 0, k = 1,2 ,... . 
Proof. By 3.1 we may pass to a subsequence of (Ak) so that 
D(e,) = 0, k = 1, 2 ,... . Then D(fkAkfk) c fkAfk , k = 1, 2 ,... . 
By 12 of [6] there exists for each k = 1, 2,... zk EfkAfk such that 
]I ak 11 < (1 D 11 and ad zk 1 fkAkfk = D 1 f,&fk (ZWtUdlJ’ in this CaSe 
zk may be chosen, for any E > 0, such that II zk jl < ((l/2) + E) /I D 11). 
Since (ek) is an approximate unit for A there exists a unique multiplier 
.z of A such that zfk = zk , k = 1, 2 ,... . Then for k = 1, 2 ,..., 
(D - ad 4 I fkAkfk = (D - ad 4 I fk&fk = 0. 
THEOREM 3.3. Let A be a C*-algebra which is the inductive 
limit of a sequence of $nite-dimensional F-algebras. Let J be a closed 
two-sided ideal of A and let D be a derivation of J. Then there exists 
a derivation D, of J determined by a multiplier of J and a derivation 
D, of A such that 
D, I J = D - D, . 
Proof. There exists an increasing sequence A, C A, C,... of 
finite-dimensional sub-C*-algebras of A with union dense in A. 
By 3.1 of [3] the union of the intersections J n A, , J CT A, ,... is 
dense in J. Hence by 3.2 there exists a multiplier x of J such that, 
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if ek denotes the unit of ] n A, and fk denotes ek - e&r (where 
e, = 0), h = 1, 2 ,..., (D - ad x)fk(.! n Adfk = 0. 
Set ad z = D, ; D, is a derivation of J. 
Note that for k = 1, 2,..., J n A, = A,+ and fk(J n a&) fk = 
fkAkfk . 
For each K = 1, 2,... there exists a unique derivation IYk) from 
A, into A such that 
Df’ 1 A,e, = (D - DI) I A,e, , 
Dp 1 A,(1 - ek) = 0. 
Since A,& c &+I$+, , 
Dp) 1 A,e, = D!$ 1 A,ek . 
Since DLkfl’ 1 fk+dk+lfk+l = (D - ad z) 1 fk+v%+lfk+l 
&(ek+l - ek) = Akfk+l Cfk+lAk+lfk+l ) 
Dp) 1 A,(e,+, - e,) = 0. 
Since Ak( 1 - ek+l) c Ak+l( 1 - ek+l)p 
Dp’ 1 A,(1 - eK+J = 0. 
0 and 
This shows that Oik+l’ extends OAk’. Since [[ JIkk’ (1 < 11 D - D, II 
for each k = 1, 2,..., it follows that there exists a unique derivation 
II, of A such that Da extends Dik’, k = 1,2,... . Thus, for each 
h = 1, 2,..., 
D, 1 A,e, = DF’ 1 Akek = (D - Dl) 1 Akek . 
Since U Akek = U J r\ A, is dense in J, 
D, 1 J = D - D, . 
Problem 3.4. Does 3.3 hold if J is assumed only to be a hereditary 
sub-C*-algebra of A ? 
4. EXTENDING DERIVATIONS FROM HEREDITARY 
SUB-C*-ALGEBRAS WITH UNIT 
LEMMA 4.1. Let A be a C*-algebra with unit and let e be a projec- 
tion in A. Suppose that there exist partial isometries u1 ,..., u, E A with 
u1 = e such that uz*uz =... = u,*u, = e and zickuk* = 1 (this 
580/17/4-4 
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condition is sometimes written: e N l/n). Then every derivation of eAe 
can be extended to a derivation of A with the same norm. 
Proof. The hypothesis states that there is an isomorphism of A 
with eAe @ M, which takes eAe into eAe @ 1, where ikf, is the 
simple finite-dimensional C*-algebra of dimension n2. The problem, 
then, is equivalent to showing that if B is a C*-algebra then every 
derivation of B @ 1 can be extended with the same norm to a deriva- 
tion of B @ M, . In fact this can be done if M,, is replaced by any 
C*-algebra C with unit, as the following argument shows. 
Represent B and C faithfully on Hilbert spaces H and K; then 
B @ C is isomorphic with the sub-C*-algebra of B(H @ K) generated 
by B @ 1 and 1 @ C. By [1 1] any derivation of B is continuous 
and by [12] (Th eor. 2) and [16] any derivation D of B is determined 
by an element x E B(H) with 11 x I/ = 2-l /I D 11. Then the derivation 
ad(x@l) of B(H@K) 1 eaves B @ C invariant and extends the 
derivation D @ 1 of B @ 1. Moreover 
/I D 0 1 11 < jl ad(x 0 1)li G 2 I/ x 0 1 /I = 2 I/ x/l = I/ D II = Ii D 0 1 II, 
so the extension ad(x @ 1) of D @ 1 to B @ C has the same norm. 
Remark. This proof shows that in the conclusion of 13 of [6] 
the number 2 can be omitted. It also shows that the assumption 
in 13 of [6] that A is matroid is unnecessary. 
LEMMA 4.2. Let A be a C*-algebra which is the inductive limit 
of a sequence of finite-dimensional F-algebras, and let e be a projection 
in A. Suppose that the closed two-sided ideal of A generated by e is 
equal to A. Suppose that A has a unit, which we shall denote by f. 
Then there exists a C*-algebra B containing A as a hereditary sub-C*- 
algebra (i.e., A = fBf) such that B has a unit and, for some n = 1, 2 ,..., 
e - l/n in B (i.e., e satisJies the hypothesis of 4.1 with respect to B). 
Proof. There exists an increasing sequence A, C A, C,... of 
finite-dimensional sub-C*-algebras of A with union dense in A. 
By a standard argument (using 1.6 and 1.8 of [S]), e is unitarily 
equivalent to an element of some A, ; hence we may suppose that 
e E A, . We may also suppose that f E A, . 
Since e is not contained in a proper closed ideal of A we may 
suppose that it is not contained in a proper ideal of A, (we are using 
3.1 of [3]). H ence there exists n = 1, 2,... such that each simple 
direct summand of A, is a hereditary sub-C*-algebra of a simple 
finite-dimensional C*-algebra in which the image of e satisfies the 
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hypothesis of 4.1 with respect to n (i.e., image e - l/n). Denote the 
direct sum of these simple C*-algebras by B, ; B, has the same 
number of simple summands as A,, B, Z A,, A, = fBIf, and 
e - l/n in B, . 
Now construct by induction an increasing sequence B, C B, C 
B, C,... of finite-dimensional C*-algebras each with the same unit 
as B, such that A, = fB2f, A, = fBJ ,... . (Fix k = 1, 2 ,... . 
Choose Bk+l _ 3 B, with the same unit as B, and with the same number 
of simple summands as Akfl such that the multiplicities of each 
simple summand of A, are the same in the various simple summands 
of Bk,l as in the corresponding simple summands of Ak+i . This 
ensures that fBk+J is isomorphic to A,,, .) Set B equal to the 
inductive limit of the sequence (Bk). Then A = fBf, B has a unit, 
and e N l/n in B. 
LEMMA 4.3. Let A be a C*-algebra which is the inductive limit 
of a sequence of finite-dimensional V-algebras, and let e be a projection 
in A. Suppose that the closed two-sided ideal of A generated by e is 
equal to A. Then every derivation of eAe can be extended to a derivation 
of A with the same norm. 
Proof. If A has a unit, say f, then by 4.2 there exists a C*-algebra 
B r> A such that A = fBf an d such that B has a unit and for some 
n = 1, 2,... e N l/n in B. Then by 4.1 there exists an extension D, 
of D to a derivation of B with 11 D, 11 = 11 D 11. The map 
is a derivation of A extending D, and has the same norm as D. 
If A does not have a unit then there is an increasing approximate 
unit (ek)k=l 2 9 *... for A consisting of projections. By an argument 
similar to that used in the first paragraph of the proof of 4.2 we may 
suppose that e < e, . Set e = e, . Then for each k = 0, I,2 ,... the 
closed two-sided ideal of ek+lAek+, generated by ek is equal to 
%+lAek+, * Set D = D, . Then by the first paragraph of this proof, 
applied inductively, there is for each k = 0, 1, 2,... a derivation 
Dk+l of e,+,Ae,+, such that 
(i) Dk+l I ekAe, = D, 1 e,Ae, , h = 0, 1,2 ,..., 
(ii) II Dkfl II = II Dk II, h = 0, 1, Z... . 
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By (i) and (ii) th ere is a unique common extension of the Dk’s to a 
derivation of A. In particular, this derivation is an extension of D. 
Remark 4.4. In 4.3 the extension is unique up to a derivation 
determined by a multiplier. In other words, with A and e as in 4.3, 
if a derivation D of A is zero on eAe then D is determined by a 
multiplier of A. 
To see this, first construct by the procedure which follows (an 
infinite repetition of the construction in 4.2) a C*-algebra B con- 
taining A as a hereditary sub-C*-algebra, and generated by eAe 
together with partial isometries u,, , ui , us ,... such that u,, = e, 
u,*u, = e for all n, and the projections u,u,* for n = 0, 1, 2,... 
are mutually orthogonal. 
With A, C A, C,... an increasing sequence of finite-dimensional 
sub-C*-algebras of A with union dense in A, each containing e 
(cf. the first paragraph of the proof of 4.2), denote by ek the unit 
of A, , k = 1, 2 ,... . Define inductively as follows finite-dimensional 
C*-algebras B, C B, C,... such that A, C B, , A, C B, ,... and such 
that if g, denotes the unit of B,, k = 1, 2,..., e - l/n, in B,, 
g1 N l/n, in B, , g, N 1 /ns in B, ,..., with ni E (1, 2 ,... }. As in the 
proof of 4.2 construct B, such that A, C B, and e - l/n, in B, . 
As in the proof of 4.2 construct a finite-dimensional C*-algebra 
which we shall denote by C, such that e,A,e, Z C, , B, Z C, , and 
C, has the same unit as B, . Then as in the construction of B, 
construct B, such that C, C B, and g, - l/n, in B, , and choose 
n2 sufficiently large that there exists in B, a projection es’ > e, 
such that e2’B2e2’ is isomorphic to A, . Then, after a suitable iden- 
tification, B, 2 A, . Continue in this fashion. The C*-algebra induc- 
tive limit of the sequence B, C B, C,... satisfies the conditions 
required of B. 
The preceding construction shows that A has an increasing 
approximate unit (e,J consisting of projections such that e, = e 
and for each k = 1, 2 ,... there exists iVZk = 1, 2 ,... with ek < 
x20 u,u,*. (This is in fact a consequence of the properties of B 
specified in the second paragraph.) Set ek - e&r = fk’, k = 0, l,..., 
where e-r = 0. For k = 0, l,... denote $, ikrj by Nk , where 
M, = 1, and set CriO u,+N,_,u,*fk’u,u,+Nx--l* = fk , where N-, = 0. 
Then f0 = e, the fk are mutually orthogonal, k = 0, I,..., and for 
each n = 0, l,... all but finitely many fk are orthogonal to u,u,*. 
Hence there exists a unique multiplier f of B such that for every 
b E B, Cj”=, fjb converges in norm tofb. Moreover, for each k = 0, l,... 
fk is equivalent to fk’, whence fBf is isomorphic to A. The problem 
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is, then, to show that each derivation of fBf which is zero on eBe 
is determined by a multiplier (of fBf). 
By 4.3, applied to the C*-algebras obtained by adjoining f to B 
and to fBf, every derivation of fBf can be extended to a derivation 
of B. Therefore it is sufficient (and also necessary, since A may be 
equal to B) to show that every derivation of B which is zero on eBe 
is determined by a multiplier. 
Suppose, then, that D is a derivation of B which is zero on eBe. 
By 3.1, followed by an application of 12 of [6] (modified in a trivial 
way to cover commutative, in fact arbitrary, finite-dimensional 
sub-C*-algebras) which shows that in 3.1 it is not necessary to 
pass to a subsequence, D differs by a derivation determined by a 
multiplier from a derivation which is zero on each u,u,*, n = 0, l,... . 
Hence we may suppose that D itself has this property. Then 
D(un) u,* E u,u,*Bu,u,*, n = 0, l,... . Since by [ll] D is bounded, 
it follows that ZD(un) u,* is a multiplier of B. A simple calculation 
based on the fact that B is generated by eBe and ui , ua ,.. . (cf. 1 
of [6]) shows that ad ZD(un) u,* = D. 
THEOREM 4.5. Let A be a C*-algebra which is the inductive 
limit of a sequence of jinite-dimensional F-algebras, and let e be a 
projection in A. Then every derivation of eAe can be extended to a 
derivation of A. 
Proof. Let D be a derivation of eAe. By 4.3 D can be extended 
to a derivation D, of the closed two-sided ideal J of A generated 
by e (which is by 3.1 of [3] the inductive limit of a sequence of 
finite-dimensional C*-algebras). By 3.3 (the full force of this is 
not used, as the conclusion of 3.1 is satisfied by construction) there 
exists a derivation D, of J determined by a multiplier of J and a 
derivation D, of A such that 
D, 1 J = D, - D, . 
The derivation D, differs by the inner derivation ad[D,(e), e] from 
a derivation of J which is zero on e (cf. the first paragraph of the 
proof of 3.1), and hence (since D, = ad y for some multiplier y of J) 
differs by an inner derivation from a derivation of J which is zero 
on eAe. Therefore we may suppose that D, is zero on eAe. Then 
D, 1 eAe = (D, - Dl) 1 eAe = D, 1 eAe = D. 
Problem 4.6. It follows from 2.5, 3.3 and 4.5 that the analogous 
statements for automorphisms hold for automorphisms obtained by 
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exponentiating derivations. Simple examples show that these ana- 
logues do not hold without restriction. Perhaps a suitable restriction 
would be that the automorphism be universally weakly inner. 
Remark 4.7. It follows from 4.5 that, in the class of C*-algebras 
considered, the property that every derivation is determined by a 
multiplier is inherited by hereditary sub-C*-algebras with unit 
(cf. 5.4.). 
5. AN APPLICATION OF 4.7 
THEOREM 5.1. (1 of [7]). Let A be a C*-algebra which is the 
inductive limit of a sequence of finite-dimensional F-algebras. Then 
the following statements are equivalent. 
(i) Every derivation of A is inner. 
(ii) A is the direct sum of a commutative algebra and $nitely 
many algebras with unit each of which is either homogeneous 
of Fnite order or simple. 
THEOREM 5.2. Let A be a C*-algebra which is the inductive limit 
of a sequence of Fnite-dimensional F-algebras. Then the following 
statements are equivalent. 
(i) Every derivation of A is determined by a multiplier. 
(ii) A is the C*-algebra direct sum (i.e., restricted product) of a 
F-algebra with continuous trace and a family of simple 
C*-algebras. 
Proof. The case that A has a unit is a consequence of 5.1 (and 
is in fact equivalent to 5.1). 
Ad (i)-(ii). Th ere exists a sequence A, C A, C,... of finite- 
dimensional sub-C*-algebras of A with union dense in A. Denote 
by e, the unit of A, , n = 1, 2 ,... . By hypothesis every derivation 
of A is determined by a multiplier; by 4.7 it follows that every 
derivation of e,Ae, is determined by a multiplier, that is, is inner, 
n = I, 2,... . Therefore by 5.1 each sub-C*-algebra e,Ae, of A is 
the direct sum of finitely many algebras either homogeneous of 
finite order or simple. 
For each n = 1, 2,... denote by J,, the closed two-sided ideal 
of A generated by e,Ae, . By 1.6 of [9] Prim J, is homeomorphic 
to Prim e,Ae, , n = 1, 2 ,..., and in such a way that primitive ideals 
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of Jn yielding elementary quotients correspond precisely to primitive 
ideals of e,Ae, yielding elementary quotients. Hence, for each 
n = 1, 2,..., Prim J, is separated, the set of points of Prim J, yielding 
elementary quotients of J,, is open, and each point of Prim J, yielding 
a nonelementary quotient is open. 
For each 12 = 1, 2,... Prim Jn can be identified topologically 
with the open set of t E Prim A such that t 2 Jn (see 3.2.1 of [5]). 
Since (J J, is dense in A, (J Prim J, = Prim A. It follows that 
Prim A is separated. In particular, for each t E Prim A, if t 2 Jr1 then 
( Jn + t)/t = A/t. It f o 11 ows that the set of points of Prim A yielding 
elementary quotients is open, and each point of Prim A yielding a 
nonelementary quotient is open. This is equivalent to saying that A 
is the C*-algebra direct sum of a liminary C*-algebra and a family 
of simple C*-algebras. 
It remains, then, to consider the case that A is liminary, with 
separated spectrum. The conclusion in this case follows by 4.5.4 
of [5] from 5.1 and the fact that for each projection e E A the set 
(t E Prim A 1 e E t> is both open and closed in Prim A. (Alternatively, 
one could quote 4.2 of [l].) 
Ad (ii)*(i). If A h as continuous trace, (i) holds by 3.2 of [l]. 
If A is simple, (i) holds by [13]. To pass to a C*-algebra direct 
sum use the fact (see Theor. 4 of [15]) that for every multiplier x of a 
simple C*-algebra there is a scalar h such that 11 x + h 11 = 2-l 11 ad x j]. 
(The majorization I/ x + h 11 < M II ad x II for some fixed M > 0 
would of course suffice, and is easier to obtain.) 
Remark 5.3. Let A be a C*-algebra which is the inductive 
limit of a sequence of finite-dimensional C*-algebras, and let J be 
a closed two-sided ideal of A. It follows from 5.1 and 5.2 that if 
every derivation of J is inner and every derivation of A/J is determined 
by a multiplier then every derivation of A is determined by a 
multiplier. (As shown by an example, in which J is elementary, 
of infinite dimension and of finite nonzero codimension, it is not 
enough to assume that every derivation of J is determined by a 
multiplier.) 
Remark 5.4. It follows from 5.2 that, in the class of C*-algebras 
considered, the property that every derivation is determined by a 
multiplier is inherited by arbitrary hereditary sub-C*-algebras. 
(It was proved in 3.1 of [IO] that a hereditary sub-C*-algebra of a 
C*-algebra with continuous trace also has continuous trace.) This 
should be compared with 4.7. 
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It is not asserted that a hereditary sub-C*-algebra of a C*-algebra 
in the class considered (i.e., separable approximately finite-dimen- 
sional) is also in this class. This, though, may very well be true. 
As far as the question considered in the first paragraph above is 
concerned there appears to be no reason to restrict the class of 
C*-algebras other than to facilitate the analysis. The situation in 5.1 
and 5.2 on the other hand may be quite different. For instance an 
example of Sakai (Theor. 1 of [14]) h s ows that the characterization 
in 5.1 does not hold for arbitrary (nonseparable) C*-algebras. 
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